We review several related investigations of the effects of the quantum stress tensor of a conformal field in inflationary cosmology. Particular attention will be paid to the effects of quantum stress tensor fluctuations as a source of density and tensor perturbations in inflationary models.
I. INTRODUCTION
The gravitational effects of quantum matter fields are often described by a semiclassical theory whereby a suitable renormalized expectation value of the quantum stress tensor operator becomes the source of gravity. The semiclassical Einstein equation may be written as
where ℓ p is the Planck length and T µν is the renormalized expectation value. This theory clearly has a wide domain of applicability, as it includes classical general relativity theory as a special case. Furthermore, it is expected to be useful in describing non-classical effects, such as quantum violation of the classical energy conditions. However, the semiclassical theory is limited in that it does not describe quantum fluctuations of gravity. These fluctuations can arise directly from the dynamical degrees of freedom of the gravitational field itself, the "active" fluctuations. They can also be driven by quantum fluctuations of the quantum stress tensor, the "passive" fluctuations. The latter will be the primary focus of this paper.
The fluctuations of quantum stress tensors and their physical effects have been discussed by several authors in recent years [1] [2] [3] [4] [5] [6] [7] . For a recent review with further references, see Ref. [8] . Quantum stress tensor fluctuations necessarily have a skewed, highly non-Gaussian, probability distribution, although the explicit form of this distribution has only been found in two-dimensional spacetime models [9] . The basic features of the probability distribution are a lower bound and an infinite, positive tail. The lower bound is at the quantum inequality bound for expectation values in an arbitrary state. For the present purposes, the most important result is the non-Gaussian character, which implies that cosmological perturbations driven by stress tensor fluctuations will be non-Gaussian. Here we will summarize several related pieces of work and try to illustrate their interconnections, but for more details, the reader is referred to the original articles.
II. THE SPACETIME GEOMETRY OF INFLATIONARY COSMOLOGY
Here we briefly sketch the assumptions about the spacetime in the version of inflation which we consider. We take the metric to be that of a spatially flat Friedmann-RobertsonWalker model
Here t is the comoving time, and η the conformal time. The inflationary period will be taken to be de Sitter spacetime with approximately constant curvature, so that
We may set a = 1 at the end of inflation, which occurs at t = 0, or η = −1/H. Most inflationary models are insensitive to initial conditions, but that will not be the case for the effects which we discuss. It will be necessary to impose an initial condition that the effects of quantum fluctuations vanish at some initial time, which will be taken to be η = η 0 . The total expansion factor of the universe from this time to the end of inflation is
This factor will play a key role in our subsequent discussion. We assume that inflation ends quickly, with efficient reheating to a subsequent radiation dominated epoch. This assumption is not crucial, but simplifies the discussion. In this case, the radiation immediately after inflation is described by a reheating energy of E R , where
III. SEMICLASSICAL EFFECTS ON GRAVITY WAVES
In this section, we will discuss an effect in the semiclassical theory, dealing with the expectation value of a stress tensor rather than its fluctuations. However the result has features in common with the stress tensor fluctuation effects to be discussed later. The effects of T µν for a conformal field on the propagation of gravity waves in de Sitter spacetime was recently treated in Ref. [10] . The calculations were based on a formalism developed by Horowitz and Wald [11] . It is assumed that at early times, η < η 0 , there is a linearly polarized plane gravitational wave of the form
where c 0 is a constant, e ν µ is the polarization tensor, and k is the wavenumber. Next the coupling to the expectation value of the quantized matter field is assumed to be switched on at η = η 0 . Its effect is to add a correction term h ′ ν µ (x), which has the same functional form as h ν µ (x), but differs in amplitude and phase. Most importantly, its amplitude at the end of inflation depends upon the expansion factor S and upon k. In the case that the conformal field is the electromagnetic field, the fractional correction is
This effect grows with increasing S and k, but its total magnitude is limited by the requirement that Γ 1 for the one-loop approximation to hold. Nonetheless, this effect could have observational consequences in the form of a modification of the tensor perturbations predicted by inflation. Inflationary models predict a nearly scale invariant spectrum of both scalar and tensor perturbations, both of which arise from the quantum fluctuations of nearly free fields and are Gaussian in character. The tensor perturbations result from the fluctuations of quantized linear perturbations of de Sitter spacetime [12] [13] [14] . They have not yet been observed, but are expected to leave signatures in the cosmic microwave background that could be seen in the future. The effect described by Eq. (7) modifies the normalization of the vacuum graviton modes in a way which breaks the scale invariance, and increases the power on shorter wavelengths.
IV. NEGATIVE POWER SPECTRA
One of the remarkable properties of quantum stress tensor fluctuations is that they can introduce negative power spectra of fluctuations. In most statistical processes, this is not possible. The well-known Wiener-Khinchin [15, 16] theorem states that the Fourier transform of a correlation function is a power spectrum. A corollary of this theorem is that the power spectrum can normally be written as the expectation value of a squared quantity, and hence must be positive. However, the latter result can fail in quantum field theory, and negative power spectra are possible [17] . The basic reason is that quantum correlation functions can be highly singular at coincident points, and the expectation value in the Wiener-Khinchin theorem may not exist.
A simple example is the spectrum of vacuum energy density fluctuations of the quantized electromagnetic field in flat spacetime. The energy density correlation function is
where τ = t − t ′ and r = |x − x ′ |. Its spatial Fourier transform iŝ
and the power spectrum is
The negative sign in the power spectrum essentially interchanges correlations and anticorrelations, compared to what one would have with a positive spectrum of the same functional form.
V. DENSITY PERTURBATIONS IN INFLATION
Just as fluctuations of the free graviton field in de Sitter spacetime can lead to observable tensor perturbations, fluctuations of the inflaton field can produce density perturbations [18] [19] [20] [21] [22] . The resulting spectrum of nearly scale invariant, Gaussian fluctuations has apparently been observed in the temperature fluctuations of the cosmic microwave background [23] . However, quantum stress tensor fluctuations can produce an additional, non-scale invariant, non-Gaussian contribution, which was studied in Refs. [24, 25] . This effect arises from the quantum fluctuations of the comoving energy density of a conformal field in its vacuum state. In a dynamic model treated in Ref. [25] , these fluctuations couple to the dynamics of the inflaton field and produce a spectrum of density perturbations proportional to S 2 ,
Note that
is the quantity usually called the power spectrum in cosmology, and which is independent of k for a scale invariant spectrum. Thus the effect of the quantum stress tensor fluctuations is a blue-tilted, non-Gaussian contribution.
The fact that this contribution has not yet been observed can be interpreted as placing an upper bound on S, which is found to be S 10 42
10
12 GeV E R 3 .
This bound is consistent with adequate inflation to solve the horizon and flatness problems, which requires S > 10 23 .
VI. GRAVITY WAVES FROM STRESS TENSOR FLUCTUATIONS IN INFLA-TION
In addition to the scalar (density) perturbations, stress tensor fluctuations can also create tensor perturbations, which are gravity waves [26] . Here the fluctuations of spatial components of the stress tensor can couple to the transverse, tracefree components of the gravitational field. The result at the end of inflation is a spectrum of gravity wave fluctuations with a power spectrum given by
This is an example of a negative power spectrum, as well as one which is strongly bluetilted. This result assumes that the coupling between the quantum stress tensor and the gravitational field is switched on suddenly at η = η 0 . However, more gradual switching leads to qualitatively similar results. If S were sufficiently large, then the resulting tensor perturbations in the CMB spectrum should have already been observed. This leads to the constraint S 10
which is somewhat weaker than the bound, Eq. (13), which comes from density perturbations. However, gravity wave fluctuations are potentially detectable at much smaller scales than are the density perturbations. The shorter wavelengths of the primordial density perturbation spectrum have presumably been erased by nonlinear classical effects by now, but gravity waves interact very weakly and should still exist. This raises the possibility of detecting the primordial gravity waves from stress tensor fluctuations in gravity wave detectors, in the form of background noise corresponding to the spectrum given in Eq. (14) . LIGO has placed limits [27] of h 10 −24 on scales of the order of 10 2 km, leading to the constraint S < 10 23 
10
10 GeV E R 3 .
This result is compatible with adequate inflation to solve the horizon and flatness problems only if E R 10 10 GeV .
This would put a non-trivial constraint on inflationary models. An even more exciting possibility is that Earth or space-based gravity wave detectors might have a chance of detecting the effects of quantum stress tensor fluctuations during inflation.
VII. THE TRANSPLANCKIAN ISSUE
There is an important qualification to all of the results which depend upon S, the expansion factor during inflation. This is that quantum field modes above the Planck scale in energy are required. Consider, for example, the example in the previous section of a gravity wave with a present proper wavelength of 100km. If we assume E R ≈ 10 10 GeV , then there has been an expansion by a factor of about 10 23 since reheating to redshift to the current CMB temperature. This, combined with an additional expansion of at least 10 23 during inflation, implies that this mode would have had a proper wavelength of about 10 −3 ℓ p at the beginning of inflation. The quantum field would have to have fluctuations on this scale to create such a gravity wave mode.
This raises questions as to whether the framework of quantum field theory on a fixed or weakly fluctuating background can be trusted at this scale. However, an even more extreme version of the transplanckian issue arises in black hole thermodynamics. Hawking's [28] derivation of of black hole radiance relies upon modes which begin far above the Planck energy. The fact that the Hawking effect gives a beautiful unification of gravity, thermodynamics, and quantum theory can be considered to be a powerful argument to take transplanckian modes seriously. It is true that it is possible to derive the Hawking effect without transplanckian modes [29, 30] , but only at the price of introducing modified dispersion relations which break local Lorentz symmetry and hence postulate new physics. An analogous prescription in cosmology is to consider modes only after they redshift below the Planck energy in the comoving frame [25] . There has been an extensive discussion of the possible role of transplanckian modes in inflationary cosmology. (See Ref. [25] for a lengthy list of references.)
The dependence of the gravity wave spectrum upon a positive power of S might seems to contradict a theorem due to Weinberg [31] , which was generalized by Chaicherdsakul [32] . This theorem states that radiative corrections during inflation should not grow faster than a logarithm of the scale factor. However, as was discussed in more detail in Ref. [25] , the effect of density perturbations growing as a power of S is really due to high frequency modes at the initial time, and is hence always large rather than growing. This applies to all the effects discussed in the present paper.
VIII. DISCUSSION
Here we have reviewed three distinct, but related, quantum effects in inflation which depend upon the expansion factor S during inflation. The first is the effect of the expectation value of a conformal field upon the amplitude of gravity waves in de Sitter spacetime [10] . The second is the effect of energy density fluctuations of such a field upon the spectrum of primordial density perturbations [24, 25] . The third effect is the role of quantum stress tensor fluctuations in generating a spectrum of primordial gravity waves [26] . The latter two effects are associated with non-Gaussian fluctuations, and all three effects grow as S increases and produce a blue-tilted spectrum, in which there is more power on shorter wavelengths. The gravity waves produced by stress tensor fluctuations are an example of a negative power spectrum, which is usually forbidden, but is possible in quantum field theory [17] .
All three effects have the potential to produce observable effects, either in the cosmic microwave background radiation, or in gravity wave detectors. However, all three effects also rely upon the existence of transplanckian modes. As such, they have the possibility to open an observational window on transplanckian physics.
